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0. INTRODUCTION 
The object of this paper is to characterize those lattice-ordered fields 
which may be embedded in lattice-ordered power series algebras. The 
proofs involve elementary results about lattice-ordered fields which are 
interesting in their own right. 
Historically, such characterizations can be traced back to Hahn’s 
embedding theorem for totally ordered abelian groups which was published 
in 1907 [ 151. In that paper, Hahn proved that every totally ordered 
abelian group may be embedded in a lexicographic product of copies of 
the real numbers over the totally ordered set of its archimedean classes. 
The proof was shortened over time (e.g., [2,4,16]), and in 1963, Conrad 
et al. [12] proved a similar theorem for lattice-ordered abelian groups: 
every lattice-ordered abelian group may be embedded in a lexicographi- 
tally ordered product of copies of the real numbers over the root system 
of its archimedean classes. 
For totally ordered rings, the situation proved to be more complicated. 
It was shown in 1986 [27] that Banaschewski’s method [Z] for proving 
Hahn’s Theorem for totally ordered abelian groups could be extended to 
precisely those totally ordered rings which possessed a particular function 
on their set of convex subgroups. In 1989, it was found [28] that there are 
many totally ordered rings which do not possess uch a function. 
In contrast to the case of totally ordered rings, Hahn’s Theorem holds 
in general for totally ordered fields. Its most direct phrasing is the 
following: every totally ordered field may be embedded in a totally ordered 
power series field of the real numbers over the totally ordered group of 
* Most of Part I was done at Hamilton College; the paper was completed during a leave 
at Monash University. 
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archimedean classes of the given field. In 1937, Gleyzal announced a 
similar result in [14]; and in 1939, MacLane [21] pointed out that 
Gleyzal’s result may be rephrased in the above terms. However, Gleyzal’s 
proof appears never to have been published. In 1942, Kaplansky [ 191 
proved that a maximal field of characteristic 0 whose residue class field also 
has characteristic 0 is analytically isomorphic to a power series field 
constructed from its value group and residue class field. Hahn’s Theorem 
as stated above may be derived from this result (see, for example, Sect. III.3 
in PrieD-Crampe’s book [24] or the proof given by Conrad and Dauns in 
[ 111). This is presumably what led to the assertion in the 1950’s that 
Hahn’s Theorem for totally ordered fields was well known, well enough 
known for both Conrad [S, p. 3281 and Fuchs [13, p. 1381 to assert it 
without proof. (According to Conrad [lo], his assertion was due to a 
referee’s uggestion.) It was left for Conrad and Dauns in 1969 [ 1 l] to 
provide a proof in the literature by showing that every totally ordered field 
may be embedded in a totally ordered power series field (with trivial factor 
set) of the real numbers over the totally ordered group of its archimedean 
classes in such a way that both order and values are preserved. 
As pointed out above and by Conrad and Dauns themselves, the 
proof in [ 1 l] amounted to piecing together Kaplansky’s results from [ 193 
as stated by Schilling in [36] with a result of Neumann from [22] 
(Neumann’s result was needed to ensure that the factor set was trivial). In 
1973, PrieB-Crampe [23] gave an elementary direct proof of the theorem, 
and in Chapter II of her 1983 book [24, II, Sect. 5, Satz 211, she gave a 
similarly elementary proof that every real closed totally ordered valuation 
field may be embedded in a totally ordered power series field (with trivial 
factor set) constructed from its residue class field and its totally ordered 
valuation group in such a way that both order and values are preserved. 
In Chapter III of [24, III, Sect. 3, Satz 331, she derived essentially the same 
result from Kaplansky’s work. 
For totally ordered fields, it is clear that the special elements are 
precisely the positive elements and hence form a multiplicative group. With 
this in mind, Conrad and Dauns devoted most of their paper [ 1 l] to 
extending Hahn’s Theorem for totally ordered fields to lattice-ordered fields 
with finite bases whose special elements form a group. They proved that 
such a field may be embedded in the power series field of the real numbers 
over the rooted group of its archimedean classes in such a way that both 
order and values are preserved. 
However, there are many lattice-ordered fields which do not fall into the 
class considered by Conrad and Dauns. For instance, the methods 
described in [ 3 1 ] show that for any torsion-free rooted abelian group there 
is a lattice-ordered field whose positive cone contains a multiplicative 
group which is order-isomorphic to the given group. And the results of 
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[32] show that a similar result holds for any rooted abelian group whose 
torsion subgroup is sufftciently narrow. 
The aim of this paper is to investigate Hahn’s Theorem for classes of 
lattice-ordered fields which are more general than those considered by 
Conrad and Dauns. Obviously, to prove any variation of Hahn’s Theorem 
requires a notion of lattice-ordered power series algebra and the notion 
adopted here is that of convolution algebra. This was used in [31,32] to 
construct the examples mentioned above (see also [6, 17, 22, 29, 30, 
33-351). The two representation theorems below (Theorems 7.1 and 9.1, 
together with Propositions 7.2 and 9.2) give twenty-seven conditions, each 
one of which is equivalent to the embeddability of the field in a power 
series algebra. The first results (Theorem 7.1 and Proposition 7.2) describe 
when a lattice-ordered field may be embedded in a power series algebra 
over its maximal totally ordered subfield; the second results (Theorem 9.1 
and Proposition 9.2) describe when a lattice-ordered field may be 
embedded in a power series algebra derived from the residue class field of 
a totally ordered subfield. 
The paper is divided into two parts. Part I gives many elementary 
theorems about lattice-ordered fields without reference to power series 
constructions. For instance, a third characterization of the maximal totally 
ordered subfield is obtained (Sect. 2). As well, it is shown (Sects. 1, 3, 
and 5) that the set LIP of positive elements with positive inverses is the 
largest multiplicative subgroup of L, all of whose elements are positive, 
that L’* u (0) is convex, that every element of L’P is basic, and hence that, 
if the special elements form a multiplicative group, then an element is basic 
if and only if it is special. Finally, it is shown in Section 4 that any lattice- 
ordered field which is finite-dimensional over its maximal totally ordered 
subfield is isomorphic as a vector lattice to a finite cardinally ordered 
product of irreducible totally ordered vector spaces (cf. [37] for the 
archimedean case). 
Part II is concerned specifically with embeddings into convolution 
algebras of the sort considered in [29-3 1 ] (see also [ 17,22,33-351). Such 
power series algebras are defined and investigated (Sects. 6 and 8), and, as 
mentioned above, several embedding theorems are proved (Sects. 7 and 9). 
The final section (Sect. 10) is devoted to applying these general theorems to 
specific cases. In particular, the result of Conrad and Dauns [ 1 l] 
mentioned above is obtained and as well it is shown that a lattice-ordered 
field which is finite-dimensional over its maximal totally ordered subfield is 
isomorphic to a finite-dimensional power series algebra over that sublield 
if and only if all its basic elements have positive inverses (Theorem 10.1). 
For the fundamental theory of lattice-ordered algebraic structures, we 
refer the reader to the books by Fuchs [ 131, Conrad [9], Bigard et al. [S], 
PrieD-Crampe [24], and Anderson and Feil [l]. 
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We will use the following notation without further comment. If G is a 
partially ordered abelian group and SE G, then S+ = (x E S 1 x > 0). If N 
is a convex subgroup of G, then G/N is a partially ordered abelian group 
with respect to the operation xNyN = xyN and the relation > defined as 
follows: xN 2yN if and only if xn 2~1 for some n E N. If G is a lattice- 
ordered abelian group and LEG, then z=z+-z- and lzl =z+ +z--, 
where z+ =z v 0 and z- = ( -z) v 0. If S s G, then S is a lattice subgroup 
of G if S is both a subgroup of (G, .) and a sublattice of (G, 2 ); (S) 
denotes the convex lattice subgroup of G generated by S; and S’ denotes 
thepoZarofS:S~={z~G~~z~~~s~=Oforalls~S}.Ifu~G,u~={u)~. 
We will also use without further comment he following result. If G is a 
lattice-ordered group and 0 <b E G is such that [0, b] is totally ordered, 
then by [9, p. 3.13, Theorem 3.11 b” is also totally ordered. 
We next record a result which is well known for real vector lattices 
(cf. [20, Theorem 14.21). We will need the general version to use the results 
of [39]. 
LEMMA 0.1. Let V be a vector lattice over a totally ordered field F and 
letO<tEF. Ifx,yEVaresuch thatxr\y=O, then txr\y=O. 
ProoJ If 0 <t < 1, then 0 d tx < x and hence tx A y=O. Suppose that 
l<tandthatO<z~txr\y.Thenz~yandz~tx.Thus,sinceO<t-‘61, 
O<t-‘z<z<y and O<t-‘z,<x. This contradicts the hypothesis that 
x A y # 0 and therefore, in this case as well, tx A y = 0. 1 
We use Iw to denote the totally ordered field of real numbers, Q to 
denote the totally ordered field of rational numbers, and Z to denote the 
totally ordered abelian group of the integers. 
Finally, we assume that all algebras are associative and have unit ele- 
ment 1, that subalgebras have the same unit element as their superalgebras, 
that homomorphisms between algebras preserve unit elements, and that all 
fields are commutative. 
I. ELEMENTARY THEORY OF LATTICE-ORDERED FIELDS 
1. TOTALLY POSITIVE ELEMENTS 
The building blocks of the embeddings which will be described in 
Sections 7 and 9 are the totally positive elements of a lattice-ordered field. 
In this section, we define these and determine some of their elementary 
properties. 
For any lattice-ordered ring L, an element t E L is totally positive if t-i 
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exists and both t >O and t-r > 0. If 1 >O in L, then certainly 1 is totally 
positive. 
PROPOSITION 1.1. Let L be a lattice-ordered field in which 1 > 0 and let 
0 < t E L. The following statements are equivalent: 
(i) t is totally positive; 
(ii) for all a, b E L, t(a A b) = (ta) A (tb); 
(iii) tfa A b=O for a, bEL, then (ta) A (tb)=O; 
(iv) the function s,: L + L, defined by s,(x) = tx, is an automorphism 
of lattice-ordered groups. 
Proof This result follows from [38, Lemma 11. 1 
LEMMA 1.2. If 0 -C x < t for a totally positive element t of a lattice- 
ordered field L, then x is totally positive. 
Proof If a A b=O for a, bEL, then (ta) A (tb)=O by Proposition 1.1. 
Since O<xa< ta and Odxb< tb, (xa) A (xb)=O as well. Therefore, x is 
totally positive by Proposition 1.1. 1 
PROPOSITION 1.3. Let L be a lattice-orderedfield in which 1 > 0. The set 
LIP of totally positive elements of L is the largest subgroup of (L\ {0}, . ) in 
L + ; furthermore, Ltp u (0) is a convex subset of (L, 2 ). 
Proof. Since 1 > 0, 1 E LIP and hence LIP # 0. If x E Lip, then x-i E Lip 
by definition. If x, y E LIP, then xy > 0 and (xy)-’ = x-‘y-l > 0 and hence 
xy E L’P. We conclude that Lrp is a subgroup of (L, .). If SC L + is a 
subgroup of (L, .) and if s E S, then 0 < SC’ because SC’ E S and hence 
S c LIP. We conclude that Lrp is the largest subgroup of (L\ { 0}, .) in L +. 
If x<t<y for x,y~5L’~u{O ), then 0 < t < y and by Lemma 1.2, t E Lrp. 
Therefore, LIP u { 0 > is a convex subset of (L, 2 ). 1 
PROPOSITION 1.4. If 1 > 0 in a lattice-ordered field L, then [0, l] is 
totally ordered. 
Proof Suppose by way of contradiction that there exist non- 
comparable elements x, y E (0, 11. Then x A y < x and x A y c y and hence 
O<x-(X A y) and O<y-(x A y). But (x-(x A y)) A (y-(x A y))= 
(x A y)- (X A y) =0 and thus there in fact exist a, bE (0, l] such that 
a A b=O. Since O<a< 1, O<ab<b and since O<b< 1, O<ab<a so that 
0 < ab <a A b = 0, a contradiction. 1 
PROPOSITION 1.5. Zf t is a totally positive element of a lattice-ordered 
field L, then [0, t] is totally ordered. 
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Proof: Let s, be the function defined in Proposition 1.1 and note 
that since 0~ I, t-‘, 0 < tt-’ = 1. S’ mce t > 0, s,[O. 11 E [0, t] and since 
I-’ >O, s,[O, 112 [0, t]. Then s![O, l] = [0, t], and since s, is a 
lattice-automorphism by Proposition 1.1 and [0, l] is totally ordered by 
Proposition 1.4, [0, t] is totally ordered. 1 
2. THE LARGEST TOTALLY ORDERED SUBFIELD OF 
A LATTICE-ORDERED FIELD 
The main theorem of Section 7 describes an embedding of a lattice- 
ordered field into a power series algebra, where the totally ordered field 
which generates the power series algebra is the maximal totally ordered 
subfield of the given lattice-ordered field. In this section, we describe this 
subfield. 
Let L be a lattice-ordered field in which 1> 0 and let 
We will show below that M(L) is the largest totally ordered subfield of L 
and is the only convex totally ordered subfield of L (Theorem 2.3). That 
such a largest totally ordered subfield exists has been known for some time. 
Stuart Steinberg was aware of it in the early 1970s [40]. It was also shown 
in [ 25, Theorem 2.11 that 
M,(L)= {XE L 1 either 1x1 < 1 or /XC’] < I}, 
is a convex subfield of L which is the largest totally ordered subfield in L. 
(That paper was accepted for publication but, because of personal 
difficulties, never appeared in print; the result was announced in [26].) 
A similar result was proved by Schwartz [37, Theorem 23 who defined the 
subfield as follows: 
M,(L)+={x~L+Ixa~b=Owhenevera~b=O}; 
M*(L)= {X-Y I x,yEM*cL,+}. 
For the purpose of this paper, we need the characterization of M(L) 
given by the definition above. 
LEMMA 2.1. Let L be a lattice-ordered field. If 1 < XE LIP, then 
o<x-‘< 1. 
Proof: Since x E L’p, x -i>O, and since 1 <x, X- l>O. Then 
1 -x-‘=x~‘(.u- l)>O, and hence O<x-‘< 1. 4 
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LEMMA 2.2. Let L be a lattice-orderedfield in which 1 > 0. Zfa, b E Lrp n 
1 l’, then abe LtPn lll. 
ProoJ By Proposition 1.3, ab E LIP. To see that ab E 1 II, suppose that 
k A 1 =O. Since aE 111, a A k = 0. But since a is totally positive, a-l is 
totally positive and hence by Proposition 1.1, 1 A ka-’ =O. However, 
bE 111 and hence b A ka-’ = 0. But b is also totally positive and hence by 
Proposition 1.1 again, 1 A ka-lb-’ =O. We observed above that by 
Proposition 1.3, ab is totally positive and hence by Proposition 1.1, 
abr\k=O. 1 
THEOREM 2.3. If L is a lattice-ordered field in which 1 > 0, then M(L) 
is the largest totally ordered subfield of L and is the only totally ordered 
subfield of L which is convex. 
Proof: By Proposition 1.4, [0, 11 is totally ordered, and, as noted in 
the Introduction, this implies that 111 is totally ordered. But then M(L) is 
also totally ordered since M(L) E 1 ll. By definition, M(L) contains 0 and 
1 and is closed with respect o the taking of additive inverses, and by Lem- 
mas 1.2, 2.1, and 2.2 and Proposition 1.3, M(L) is convex, multiplicatively 
closed, and closed with respect to taking multiplicative inverses on non- 
zero elements. To see that M(L) is additively closed, let a, b E M(L). By 
definition, lal, lb1 E M(L) and hence, since M(L) is totally ordered, 
la\ v lb1 EM(L). Furthermore, since 2(i)= 1 >O, +>O (cf. [13, p. 67]), 
and thus,since2=1+1~0,2~L*P.Since2=1+1~111aswell,2~M(L). 
Then by Lemma 2.2, 2( Ial v Ibl ) E M(L), and thus, since 
-2(lal v lbl)=((-Ial) * (-lbl))+((-lal)~ (-14)) 
ba+b6(lal v Ibl)+(lal v Ibl)<2(lal v 161) 
and M(L) is convex, a + b E M(L). We conclude that M(L) is a convex 
subfield of L. It is straightforward to show that M(L) is the largest totally 
ordered subfield and that it is the only convex totally ordered subfield. 1 
3. BASIC ELEMENTS IN LATTICE-ORDERED FIELDS 
The embeddings described in Sections 7 and 9 are generated by par- 
ticular elements of the group called basic elements. We recall the definition 
of these elements here and investigate some of their properties. 
Note first that by definition, for any lattice-ordered field L in which 
1 >o, M(L)S lll. The following result concerns the reverse inclusion. 
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PROPOSITION 3.1. Let L be a lattice-ordered field in which 1 > 0. The 
following statements are equivalent: 
(i) M(L)= lL1; 
(ii) (ILL)+ G Lip; 
(iii) if t is totally positive, then tll = tM( L). 
Proof: That (i) is equivalent to (ii) follows from the definition of M(L). 
If t is totally positive, then t’l= tlLL by Proposition 1.1 and thus (i) 
implies (iii); since 1 is totally positive, (iii) implies (i). 1 
Question 1. Is there a lattice-ordered field in which 1 >O but 
M(L)# lLL? The answer is not known. The most general construction of 
lattice-ordered fields is that given in [32] and all the fields constructed by 
that method have M(L) = 1 ‘I. 
As noted above, the fields in which we are interested are most easily 
described in terms of elements which are basic in the following sense. In 
any lattice-ordered group L, an element 0 <b E L is basic (cf. [9, 31) if 
[0, b] is totally ordered; L is said to have a basis if every positive element 
exceeds a basic element and in this case any maximal disjoint set of basic 
elements is said to be a basis of L. If B is a maximal disjoint set of basic 
elements of L and UE L, we let 
B(u)=(beBlbr\ lul>O}=Bnu”. 
We let B(L) denote the set of basic elements of L. 
Note. A lattice-ordered field L is a vector space over any subfield T and 
hence may have both a basis as a lattice-ordered group and a basis as a 
vector over T. To avoid this ambiguity in the use of the word “basis,” we 
reserve “basis” for the concept for lattice-ordered groups defined above and 
use “v-basis” for the concept for vector spaces. 
By Proposition 1.5, every totally positive element of a lattice-ordered 
field is basic. The following result describes when the converse is true. 
PROPOSITION 3.2. Let L be a lattice-ordered field in which 1 > 0 and 
consider the following statements. 
(i) Every basic element is totally positive; 
(ii) B(L) = LIP; 
(iii) B(L) is the largest subgroup of (L\(O), .) in L+; 
(iv) B(L) is a subgroup of (L\{O}, .); 
(v) for all 6, c E B(L), (bc)ll = bcl IL; 
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(vi) for all b, c E B(L), (bc)” = b&(L); 
(vii) M(L) = Ill. 
The statements (i) through (iv) are equivalent and the statements (v) and (vi) 
are equivalent. Each of(i) through (iv) implies each of (v) and (vi), and each 
of(i) through (vi) implies (vii). If there exists a basis B of L such that for 
all positive elements u, u of L, B(W) E (B(u) B(o))“, then the statements (i) 
through (vi) are all equivalent to the following statement: 
(viii) for all b, CE B, bcE B(L). 
Proof By Proposition 1.5, any totally positive element is always basic 
and hence (i) implies (ii). That (ii) implies (iii) follows immediately from 
Proposition 1.3 and it is clear that (iii) implies (iv). If (iv) holds and bE L 
is basic, then 6-l is also basic and in particular must therefore be positive, 
i.e., b must be totally positive. Thus (i) holds and we conclude that (i) 
through (iv) are all equivalent. 
(i) * (v): Observe that if (i) holds and b, c E B(L), then b and c are 
totally positive and hence bc is totally positive by Proposition 1.3. Then by 
Proposition 1.1, (bc)ll = bclll and thus (v) holds. 
(v) =E- (vi): It suffices to show that (v) implies (vii), and for this, it 
suffices by Proposition 3.1 to show that every element of ( 1 I’-) + is totally 
positive. If 0 -C b G 1, then b is totally positive by Lemma 1.2. If 1 c b E 111, 
then b is basic and hence by (v), bll’= (bl) 111 = (bl)” = bl’- = lll. It 
follows that bb’ E 1 I’ and, since bb’ CO, that bb’ > 0. Then b is totally 
positive and hence (vii) holds. 
(vi)*(v): As above, it sulkes to show that (vi) implies (vii). For 
this, observe that if t is totally positive, then 1, t E B(L) and hence by (vi), 
tLL = tM(L). Then by Proposition 1.3, (vii) holds. 
It follows from the arguments in the paragraphs above that each of (i) 
through (vi) implies (vii). 
Now suppose that there exists a basis B of L such that for all positive 
elements U, u of L, B(W) G (B(u) B(u))‘-l. 
(vi) * (viii): If b, CE B, then (bc)” = bcM(L) by (vi). Suppose that 
0 < x, y < bc. Then there exist s, t E M(L) such that x = bcs and 4’ = bet. 
Since SC’, t-l EM(L), SK’ v t-’ E M(L) and hence by Proposition 1.1 
O<bc=(xs-‘) A (ytt’)<(x(s-’ v t-l)) A (y(s-’ v tt’)) 
=(x A y)(s-’ v t-1). 
It follows that x A y # 0 and hence that bc is basic. 
(viii) 3 (i): We first show that (viii) implies (vii). As above, it suffices 
by Proposition 3.1 to show that every element of (1 ‘I)+ is totally positive. 
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To this end, suppose that 0~ m E 1 IL and that X,J*E L are such that 
x A I’= 0. Note that since 1 is basic by Proposition 1.4, B(m) = B n 1 LL 
consists of a single element, say p. We claim that UI.Y A mny = 0 and hence 
by Proposition 1.1 that m is totally positive. Suppose by way of contradic- 
tion that mx A my> 0. Then there exists de B such that dE B(mx) n B(my) 
and hence such that de (B(m) f3(x))lL n (B(m) B(J))“. There must there- 
fore exist x E B(X) and r E B(y) such that d A px > 0 and d A pt > 0. But 
since d, Jo, and 15 are all basic by (viii), (p~)“=d~‘=(pt)“, and, 
since p is comparable to 1, ~2 is comparable to x and pt is comparable to 
5 so that in fact xLL = (px)” = (p{)” = YLL. Since B is disjoint, we must 
have x = 5 and hence B(x) n B(y) # 0, in contradiction of our assumption 
that .Y A J = 0. It follows that mx A my = 0 and hence that m is totally 
positive. 
We next show that if b, de B(L), then bde B(L). Note that since b and 
d are basic, there exist p, 6 E B such that B(b) = {/I} and B(d) = (61. Then 
B(bd) E (/3S)“, and hence B(bd) has but one element by (viii). It follows 
that bd is basic. 
Finally we show that (i) holds. To this end, suppose that bEB(L) and 
1etp=(b~‘)v0andq=(-6-‘)v0.Then6~’=p-q(cf. [13,~.75])so 
that 1 = bb-‘= bp- bq. Since q>O, bq>O and hence 1 <bp. Note that 
since b is basic and (by Proposition 1.4) 1 is basic, B(b) consists of a single 
element, say /I, and B( 1) consists of a single element, say p. Then 
PE Wbp) E (B(b) Np)Y and hence there exists TCE B(p) such that 
,u A BK > 0. By (viii), /In is basic and hence (/?rc)” = pLL. Since (vii) holds, 
(Pn)” = pII = 1” = M(L). Furthermore, brc A fin 2 (b A fl)rr > 0, and, 
since 6, rr~ B(L), bx E B(L) by the argument above. Then (bn)‘l = 
(/%r)‘l= M(L) and hence there exists 0 < y E M(L) such that ba = y. We 
conclude that b-’ = n)l-i > 0 and hence that b is totally positive. 1 
Our object in the remainder of this section is to determine the structure 
of B(L) and its quotient groups. For this purpose, we will need the 
following definitions. Recall that a partially ordered set (A, 2 ) is a root 
system (cf. [9, 123) if [b, co) is totally ordered for all 6 E A; a rooted group 
is then a partially ordered group (A , ., 2) for which (A, > ) is a root 
system. (For examples of rooted groups, see [31].) The proof of our initial 
lemma is obvious. 
LEMMA 3.3. For a partially ordered group (A, ‘, 2 ), the following 
statements are equivalent: 
(i) For all 6 E A, [S, cc ) is totally ordered; 
(ii) for all 6 E A, ( - CG, S] is totally ordered. 
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Thus, if (A, . , >) is a rooted group and 8~ A, then (-00, S] is totally 
ordered. 
F'RO~OSITION 3.4. If L is a lattice-orderedfield in which the set B(L) of 
basic elements forms a multiplicative group, then (B(L), ., > ) is a rooted 
abelian group. 
Proof Clearly (B(L), . , > ) is a partially ordered abelian group. Since 
each element of B(L) is basic, (B(L), ., >, ) is rooted by Lemma 3.3. 1 
If T is a totally ordered subfield of a lattice-ordered field L, then 
by Theorem 2.3 Tn B(L) will usually not be convex and thus the usual 
ordering of B(L)/( Tn B(L)) will not be a partial order. This situation can 
be remedied by considering the set T’: 
PROPOSITION 3.5. Suppose that L is a lattice-ordered field in which the 
set B(L) of basic elements forms a multiplicative group. If T is a totally 
ordered subfield of L, then T’ is a convex totally ordered subgroup of B(L) 
and B(L)/T’ is a rooted abelian group. 
Proof. By definition, T’ is non-empty and convex. By Theorem 2.3, 
TG M(L) and M(L) is convex. Then T’ E M(L) and hence, since M(L) is 
totally ordered by Theorem 2.3, T’ is a totally ordered subset of B(L). If 
x,y~T’, then O<s<xGt and O<u<ydv for some s,t,u,vET. Then 
0 < su < xy < to and su, to E T; hence xy E T’. Furthermore, s-i 2 x-i > 
t-l>0 and SK’, tr’e T; hence x-l E T’. Thus T’ is a convex totally 
ordered subgroup of B(L). Since L is a field, B(L) is abelian and hence 
B(L)/T’ is a partially ordered abelian group. If bT’ < CT’ and bT’ < dT’ 
in B(L)/T’, then 16 b-‘ct and 1 d bb’ds for some t, SE T’. But since B(L) 
is a group, bb’ct and bb’ds are basic. Thus bb’ct, bb’dsE 111 and hence 
bb’ct and bb’ds are comparable. Then 1 and cc’dst-’ are comparable and 
hence dT’ and CT’ are comparable. We conclude that [bT’, co) is totally 
ordered in B(L)/T’ and thus that B(L)/T’ is a rooted abelian group. 1 
Question 2. The results above mostly concern lattice-ordered fields in 
which the basis elements form a group. The lattice-ordered field 
constructed in Example 10.3 below has a basis but its basic elements do not 
form a group. The method of constructing the field of that example gives 
many other examples of lattice-ordered fields with the same properties. 
However, every field so constructed has a basis. These observations lead to 
the question: Is there a lattice-ordered field which does not have a basis? 
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The answer is not known. As was the case Question 1, the fields determined 
by the most general construction, that given in [32], do not answer the 
question; for they all have a basis. 
4. LATTICE-ORDERED FIELDS AS VECTOR LATTICES 
If L is a lattice-ordered field in which 1 > 0, then it may be viewed as a 
vector lattice over its maximal totally ordered subfield M(L). An obvious 
question is then: what is the structure of L as a vector lattice over M(L)? 
We give an answer to this question below for lattice-ordered fields L 
which are finite-dimensional over their sublields M(L) (cf. [37] for the 
archimedean case). We first note that such fields always have a basis. (For 
real vector lattices, Lemma 4.1 follows from [20, Theorem 14.61.) 
LEMMA 4.1. Let L be a lattice-ordered field in which 1 > 0, and let 
(0 1, ***, v,} be a set of non-zero elements of L. if vi A vi= 0 for i # j, then 
Iv 1, ..., v,} is a linearly independent subset of the vector space L over the 
field M(L). 
Proof By Lemma 0.1 and [39, Theorem 1.11, VI’ is a subspace 
of L. 1 
PROPOSITION 4.2. Let L be a lattice-ordered field in which 1 > 0. rf L is 
finite-dimensional over M(L), then L has a finite basis. 
Proof: By Lemma 4.1, L cannot contain an infinite disjoint set. Thus by 
[9, p. 3.26, Corollary IV], L has a finite basis. 1 
If L is finite-dimensional over M(L), then it is certainly algebraic over 
M(L). Proposition 4.4 and its corollaries say essentially that this forces the 
basic elements to generate the field. 
The following results are similar to those in [25, Section 33. Lemma 4.3 
is also similar to [18, p. 182, Exercise 31. 
LEMMA 4.3. Let L be a lattice-ordered field in which 1 > 0. If 0 < b E L 
is algebraic over M(L), then b is not an upper bound of M(L). 
Proof Suppose by way of contradiction that b is an upper bound 
of M(L), and let no, A~, .. . . rr,~ M(L) be such that xy=o Ribi=O. Note 
that without loss of generality, we may assume that K, <O and that 
since M(L) is a totally ordered field by Theorem 2.3, b# M(L). If 
X= llcol v ... v 17c,-,I, then -nn;‘XEM(L) so that b> -mr;‘X. 
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Hence 6” > -nx; ‘Xb”- ‘, i.e., --,,b”> nXb”-‘. Since b > 1, b”-’ > 6’ for 
all 0 < i < n, and hence 
n-1 n-1 n-1 
1 nibi< c lq( b’< c Xb”-‘=nXb”-‘< -q,b”, 
i=O i=O i=O 
But then Cr=o xibi # 0, a contradiction. 1 
PROPOSITION 4.4. Let L be a lattice-ordered field in which 1 > 0 and 
which is algebraic over M(L). If b E B(L), then bl’ is unbounded and 
b” = (bM(L)). 
Proof: By Lemma 0.1 and [39, Theorem 1.11, bll is a subspace of L. 
It follows that bM(L) c b”. Then (bM(L)) c bll, and since (bM(L)) is 
convex, it clearly remains to show that for no WE L is w > ab for all 
a E M(L). Suppose by way of contradiction that w > ab for all c( E M(L). 
Then for all aeM( w(bF’)+ >ab(b-‘)” >a. Since w(b-‘)+ is in Land 
hence is algebraic over M(L), this contradicts Lemma 4.3. 1 
COROLLARY 4.5. Let L be a lattice-ordered field in which 1 > 0. If L is 
algebraic over M(L), then M(L) = 1 ‘I. 
Proof By Proposition 4.4, 111 = (M(L)) and by Theorem 2.3, M(L) 
is convex. 1 
Note that if the basic elements are totally positive, then Proposition 3.1 
and Corollary 4.5 imply that b ” = b&f(L) for all basic elements b. 
A totally ordered vector space V over a totally ordered field T is 
irreducible if it contains no proper convex subspaces. A finite product 
nl= I Vi of totally ordered vector spaces over T becomes a vector lattice 
over T when given the pointwise sum, scalar multiplication and order. This 
order is called the cardinal order. 
COROLLARY 4.6. Let L be a lattice-ordered field in which 1 > 0, and 
suppose that L is finite-dimensional over M(L). Then L is isomorphic, as a 
vector lattice over M(L), to a cardinally ordered product nl=, Vi, where 
V , , -.., V, are irreducible totally ordered vector spaces over M(L). 
Proof Since L is finite-dimensional over M(L), it has a finite basis 
{V 1, aa.9 v,} by Proposition 4.2. By Proposition 4.4, no maximal convex 
totally ordered subspace of L is bounded, and hence by the vector lattice 
analogue of [7, Theorem 7.21, L is isomorphic, as a vector lattice over 
M(L), to n;=, $5 By Proposition 4.4, each II:’ is irreducible over 
M(L). I 
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Corollary 4.6 may be considered as a preliminary embedding theorem, 
one which ignores most of the multiplication; a somewhat different general 
result in this direction is given in Proposition 5.3. 
A stronger conclusion to Corollary 4.6 would be that L is isomorphic, as 
a vector lattice over M(L), to ny=, v,M(L). Schwartz proved in [37] that 
such a result holds if L is archimedean, and, as we noted above, if the basic 
elements are totally positive, then u,+’ = aiM(L) for all i, so that such a 
result also holds in this case. However, we do not record this as a theorem 
here because in Section 10 we will prove a much stronger result 
(Theorem 10.1). 
5. SPECIAL ELEMENTS IN LATTICE-ORDERED FIELDS 
The hypotheses of the embedding theorem of Conrad and Dauns 
[ 11, Theorem III] require that certain elements of a lattice-ordered field, 
called special elements, form a multiplicative group. We will show below 
that under this assumption the special elements are in fact just the basic 
elements. This result will enable us to phrase conditions involving special 
elements in terms of basic elements and conversely. 
Recall first that a positive element s of a lattice-ordered group L is 
special if there is exactly one convex lattice subgroup of L which is 
maximal with respect to not containing s. According to Proposition 1.5, 
totally positive elements are basic, and it is well known that every basic 
element is special (cf. [9, p. 3.131 or [3, p. 1343). Furthermore, if the 
special elements form a multiplicative group, then certainly they are all 
totally positive. These observations are summarized in the following result 
(cf. [38, p. 4111). 
PROPOSITION 5.1. Let L be a lattice-ordered field in which the special 
elements form a multiplicative group. For any 0 < t E L, the following 
statements are equivalent. 
(i) t is totally positive; 
(ii) t is basic; 
(iii) t is special. 
Note that by Example 10.3 below, an archimedean lattice-ordered field 
L may contain basic elements which are not totally positive. 
If L is a lattice-ordered group, let T(L) denote the set of covering pairs 
(Ly, Ly) of convex lattice subgroups of L. Recall the following terminology. 
If (Ly, L,)ef(L) and ge Ly\Ly, then (Ly, Ly) is a value of g; thus T(L) is 
the set of values of G. If 2 is the relation on f(L) defined by letting 
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(Ls, L,)> (L”, L,) if and only if L,? L”, then (f(L), 2) is a root system 
[9, 121. A pair (Ly, L,,) E F(L) is special if L”\L, contains a special element 
of L. Finally, a subset A of F(L) is plenary [9, 123 if A is a dual ideal of 
F(L) and fid Ls = (0). 
PROPOSITION 5.2 [ 8, Theorem 2.11. For any lattice-ordered group L, the 
following statements are equivalent. 
(i) The set of special elements of F(L) is plenary. 
(ii) Each 0 <ge L is the disjoint join of a (possibly infinite) set of 
special elements. 
If G is a totally ordered vector space over a totally ordered field F and 
A is a set, then, as in Section 4, the product nd G becomes a vector lattice 
when endowed with the pointwise sum, scalar multiplication, and order; 
the subset xd G of elements v of I& G such that v6 = 0 for all but a finite 
number of 6 is a convex lattice subspace of nd G. Combining this notation 
with Propositions 4.1 and 4.2, we have the following result. 
F~O~OSITION 5.3. Let L be a lattice-ordered field in which 1 > 0. The 
following statements about L are equivalent. 
(i) The special elements of L form a group and the set of special 
elements of F(L) is plenary. 
(ii) The basic elements of L are totally positive and L has a basis B 
such that b” is unbounded for all b E B. 
(iii) The basic elements of L are totally positive and there exists a one- 
to-one homomorphism cp: L + I& M(L) of vector lattices over M(L) such 
that q(L) contains xA M(L). 
Proof. (i) * (ii): By Proposition 5.1, the special elements are precisely 
the basic elements and the basic elements are precisely the totally positive 
elements. Thus, by Proposition 5.2, every positive element of L is the dis- 
joint join of basic elements and hence (ii) follows from [9, Theorem 3.21. 
(ii) =z. (i): By [9, Theorem 3.21, each positive element of L is the 
disjoint join of basic elements and if 0 < s E L is not basic, then s = a v b for 
positive elements a, b of L such that a A b = 0. Then s I$ a’ and hence there 
exists a convex lattice subgroup G, of L such that al L G, and G, is 
maximal with respect to not containing s. Similarly there exists a convex 
lattice subgroup G, of L such that b’ E G, and G, is maximal with respect 
to not containing s. Clearly G, # Gb and hence s cannot be special. Thus 
every special element is basic. Then the set of special elements of f is 
plenary by Proposition 5.2, and as well, since every basic element is totally 
4a1i153:2-5 
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positive, the special elements form a group by Proposition 3.2. Therefore, 
(i) holds. 
(ii) =z= (iii): As in the proof of Corollary 4.6, it follows from the vector 
lattice analogue of [7, Theorem 7.21 that there exists a one-to-one 
homomorphism tj : L -+ nb E B bll of lattice-ordered groups such that II/(L) 
contains xbeB b”. Condition (iii) then follows from the observation that 
by Propositions 3.1 and 1.1, each totally ordered group bl’ is isomorphic 
to M(L). 
(iii) * (ii): This implication follows immediately from [9, Theo- 
rem 3.21 and Proposition 3.1 above. 1 
Because of condition (iii), Proposition 5.3 may be considered as another 
preliminary embedding theorem. As with Corollary 4.6, this embedding 
ignores most of the multiplication. 
Note that Proposition 5.2 gives an alternative way of phrasing condition 
(i) of Proposition 5.3 and Proposition 5.1 gives two other ways of phrasing 
this alternative. Thus there are four equivalent ways of phrasing condition 
(i). Furthermore, by Proposition 3.2 there are four equivalent ways of 
phrasing condition (ii) and four equivalent ways of phrasing condition (iii). 
Thus there are in fact nine more conditions, each of which is equivalent to 
conditions (i), (ii), or (iii) of Proposition 5.3. I leave it to the reader to 
write them all down. 
II. EMBEDDINGS OF LATTICE-ORDERED FIELDS 
6. LATTICE-ORDERED POWER SERIES ALGEBRAS 
The structures into which we will embed lattice-ordered fields are lattice- 
ordered power series algebras. This section describes their construction. 
Let (A, . , 2 ) be a partially ordered group with identity 1. A subset rs A 
is locally inversely well-ordered if for ail y E r, the set (6 E r 1 6 > y } is 
inversely well-ordered. If A, B s A, define AB = (ab 1 a E A, b E B}. With 
respect to this multiplication and set inclusion, 24 is clearly a partially 
ordered semigroup. A subset X of 2’ is then a supporting subset if it 
satisfies the following conditions: 
(PO) every element of X is locally inversely well-ordered; 
(P, ) X contains all the atoms of (2’, s ); 
(P*) X is an ideal of the lattice (2’, s); 
(PJ) X is a subsemigroup of (24, .); 
(P4) if A, BE X, then {(a, B) E A x B 1 UP = z} is finite. 
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Note that if A is finite, then it is trivially ordered and hance all its subsets 
are locally inversely well-ordered, and furthermore, in this case, note that 
2’ itself is the only supporting subset contained in 2’. Other examples of 
supporting subsets are the collection of finite sets of any partially ordered 
group and the collection of inversely well-ordered subsets of any totally 
ordered group. 
Now let (A, . , 2 ) be a rooted abelian group with identity I, let X be a 
supporting subset of 2’, and let T be a totally ordered field. Form the 
product nA T; for 01 EA and t E T, let Cc, ~CZ nA T be the vectors 
1 if 6=u t if 6=r & = 
0 otherwise, 
i6 = 
0 otherwise. 
For uenA T, let Supp(u) = (6 E A 1 us #0} denote the support of u and 
let ,n, T denote the set of all vectors UE nA T such that Supp(u)~ X. 
Define addition on XnA T componentwise and define multiplication via 
convolution, 
where {tar, 8} E T is a factor set: 
(a) t,,>O for all cl,fi~A; 
(b) t aS,rf,,B=t,,Bvtp,r for all a, B, YEA; 
(c) th, I = 1 = t,, 6 for all 6 E A; 
(d) t=,s= tg, r for all cq /?E A. 
(By (P4), this multiplication is well-defined (cf. [29]).) If UE XnA T and 
c E Supp(u), then, since Supp(u) is locally inversely well-ordered, there is a 
maximal element ,U E Supp(u) such that p > 6. We may thus define a binary 
relation > on XnA T as follows: 
u > 0 if and only if up > 0 for all maximal elements /A E Supp(u); 
u > u if and only if u - u > 0. 
The resulting structure, ( XnA T, { ta,s}, +, ., a), is a lattice-ordered 
commutative ring where i= i is the multiplicative identity and for all 
U~X~A r, 
(u v O), = US 
if up > 0, where p 2 6 is maximal in Supp(u) 
0 otherwise 
(cf. [6; 15; 17; 22; 29-31; 33-35; 9, p. 0.121. With the pointwise scalar 
multiplication (tu)a = tu, for all t E T, u EL, and 6 E A, (,n, T, {fax. B}, 
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+, ., > ) is clearly a commutative lattice-ordered algebra over T. If the 
factor set is trivial, i.e., if t,, ,< = 1 for all a, /? E d, then we use the notation 
(xl-k, T, +, ., 2 1. 
The lattice-ordered algebras ( XnL1 T, (tn. B ), +, ., 2 ) are sometimes 
lattice-ordered fields. For instance, if d is torsion-free, then by [9, p.O.43 
there exists a total order or on A such that (A, ., L ) is a totally ordered 
group and u L b whenever ~12 8. And if X is the set of inversely well- 
ordered subsets of (A, L ), then X is supporting and hence ( Xnd T, It=, a}, 
+, . , 2 ) is a lattice-ordered field for any factor set {t,, B} c T [31]. Even 
when A is not torsion-free, ( Xn3 T, It,. ,]), f, ., 2 ) may be a lattice- 
ordered field. For example, if B is the subset { 2k’m 1 0 < k < m in Z } of R, 
then B is a linearly independent subset of lR over Q and r = { bQ * 1 b E B} 
is a torsion subgroup of R*/Q*, where for any SG R, S* = S\,(O). If B is 
a totally ordered abelian group and if I- is given the trivial order, then 
A = Q x f is a rooted abelian group with respect o the cardinal (pointwise) 
order. Let X denote the collection of subsets A of A such that the projec- 
tion X,(A) is an inversely well-ordered subset of B and the projection 
ECU is a finite subset of r; for YE r, let b[r] E B be such that 
b[r] Q* = y, and for c(, PEA, let t,,B =~[~A~)1 N~r(P)l NnAdw’I. 
Then by [32, Corollary 3.81, {t,, 8} E Q is a factor set, X is supporting, 
and hence txL T, {t,,,}, +, . , 2 ) is a lattice-ordered field. 
The object of the embedding theorems below is to determine when a 
lattice-ordered field may be embedded in a lattice ordered power series 
algebra of the form ( Xnd T, (t;l,s}, +, ., 2 ). It is more difficult to deter- 
mine when the algebra into which the field is embedded is also a field. 
Some results in this direction are given in [32]. 
The general properties of the power series algebras ( Xnd T, { tcr,s), 
+, .? >, ) which are of interest here are summarized in Proposition 6.2 
below. 
For any subset Q of A, let a= (0 1 WEQ}; recall that a subset L of a 
lattice-ordered algebra R is a lattice subalgebra of R if L is both a 
subalgebra and sublattice of R. 
LEMMA 6.1. Suppose that L is a lattice subalgebra of xnd T which 
contains 2. An element 0 -C b E L is basic if and only if Supp(b) is a totally 
ordered subset of (A, 2 ). 
ProoJ If Supp(b) is not totally ordered, then it contains a pair of 
incomparable elements. By Lemma 3.3, it must also contain a pair of dis- 
tinct maximal elements y and $. Since L is a subalgebra and contains a, 
L contains both b, $ and b, 7. Since 0 c 6, 0 < 6, $ < b and 0 < b, 7 < 6. But 
clearly b,$ A b, 7 = 0 and hence b is not basic. Conversely, suppose that 
Supp(b) is totally ordered. Then Supp(b) has a single maximal element p. 
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If f~ (0, b], then all maximal elements of Supp(f) are in (-co, ~1 and 
hence by Lemma 3.3, Supp(f) can contain only one maximal element $. 
Similarly, if g E (0, b], Supp( g) contains only one maximal element y. But 
since +, y E (-a, ~1, $ and y are comparable and hence f and g are 
comparable. We conclude that b is basic. 1 
PROPOSITION 6.2. Suppose that L is a lattice subalgebra of xnd T which 
contains 2. Then L has the following properties: 
(i) the basic elements of L which are invertible in xnd T are tota& 
positive; 
(ii) if L is a field, then 111 = M(L); 
(iii) L has a basis; 
(iv) b” is unbounded for all b E B(L). 
ProoJ (i) If b is a basic element of L, then by Lemma 6.1, Supp(b) is 
totally ordered in (d, 2) with maximal element p. Since bb-’ = 1, p-’ 
must be a maximal element of Supp(b-‘). If Supp(b-‘) has another 
maximal element v, then l,, = (bb-‘),, = t, ,b,(b-‘), # 0. Since v #CL-‘, 
this is a contradiction and hence Supp(b-‘I) has but a single maximal 
element p ~ I. Since (b-l)p-l=(t~,~--Ibc,)-‘>O, b-l>0 and therefore b is 
totally positive. 
(ii) Apply Proposition 3.2 to (i). 
(iii) By Zorn’s Lemma, A has a maximal set, a, of pairwise 
incomparable elements. Clearly 0 is a maximal disjoint subset of L and by 
Lemma 6.1, every element of ST is basic. Thus 0 is a basis for L (cf. 
[9, p. 3.141). 
(iv) If b E B(L), then certainly bll = ~5~~ for some OE A. If f > 0, 
then Supp(f) has a maximal element p 2 o. But if 
if 6=~ 
otherwise, 
then f>g but gE0”. We conclude that &‘I, and hence b”, is 
unbounded. 1 
7. THE FIRST EMBEDDING THEOREM 
The object of this section is to describe embeddings of certain lattice- 
ordered fields L into power series algebras over M(L). 
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We begin with the following notation: If L is a lattice-ordered field. B is 
a maximal disjoint set of basic elements of L, and u E L, let 
B(u)=(b~Blb~ IuI>O}=Bnull. 
Our first embedding theorem is then the following. 
THEOREM 7.1. Let L be a lattice-ordered field in which 1 > 0. The 
following statements are equivalent. 
(i) The basic elements of L form a group, and there exist a 
supporting subset X of 2B(L)tM(L)‘, a factor set (m, s} c M(L), and a one-to- 
one homomorphism 2: L + ( XnBCL,,M(L,C M(L), {m,B}, +, ., 3) of lattice- 
ordered algebras over M(L) such that I(L) contains B(L)/M(L)“. 
(ii) The basic elements of L are totally positive; there exists a basis 
B of L such that b” is unbounded for all b E B; and for all positive elements 
u, v of L, By (B(u) B(v))l’ and ((a, c) E B(u) x B(v) 1 (ac)” = lvL} is 
finite. 
(iii) The special elements of L form a group; the set of special elements 
of T(L) is plenary; and L has a maximal disjoint set B of special elements 
such that for all positive elements u, v of L, B(uv) E (B(u) B(v))ll and 
{(a, c)~B(u)x B(v) 1 (ac)ll= lL1} isfinite. 
(iv) There exists a one-to-one homomorphism cp: L -+ nA M(L) of 
lattice-ordered groups such that cp(L) contains ‘& M(L); the basic elements 
of L are totally positive; and there exists a basis B of L such that for all 
positive elements u, v of L, By (B(u) B(v))ll and {(a, C)E B(u) x 
B(v) 1 (ac)” = lL1) is finite. 
If M(L)’ is a direct factor of B(L), then the factor set (m, e} of (i) may be 
assumed to be trivial: m, B = 1 for all a, p E B( L)/M( L)‘. 
By Proposition 3.2, there are four different equivalent ways of stating 
Theorem 7.1(i) and seven different equivalent ways of stating Theorem 
7.l(ii); by Propositions 5.2 and 5.1, there are 2 x 3 = 6 different equivalent 
ways of stating Theorem 7.l(iii); finally, by Proposition 5.1, there are three 
different equivalent ways of stating Theorem 7.l(iv). Of these, statements 
(ii) through (iv) given above seem most interesting to me, statement (ii) 
because it seems to me to be the most intuitive, statement (iii) because it 
establishes the connection between the work here and the work of Conrad 
and Dauns [ll] (cf. Sect. 10 below), and statement (iv) because it clearly 
specifies what extra assumptions are needed to convert the group-theoretic 
case to the field-theoretic ase. I leave it to the reader to write down the 
remaining sixteen equivalent statements. 
Other statements which are equivalent to those listed in Theorem 7.1 are 
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a weaker version of (i) and a stronger version of (ii). These are given in 
Proposition 7.2 below and are used to prove that (i) implies (ii) in 
Theorem 7.1. The rest of the proof of Theorem 7.1 is given in parts below. 
Proof that (ii) o (iii) o (iv) in Theorem 7.1. These equivalences follow 
immediately from Proposition 5.3. 1 
PROPOSITION 7.2. Let L be a lattice-ordered field in which 1 > 0. The 
following statements are equivalent to each other and to the four equivalent 
statements of Theorem 7.1. 
(i) There exist a rooted abelian group (A, ., > ), a supporting subset 
X of 2’, a factor set {m, s} E M(L), and a one-to-one homomorphism 1: 
L + (,nA M(L)3 im, a>, +, ., > ) of lattice-ordered algebras over M(L) 
such that A(L) contains 7. 
(ii) The basic elements of L are totally positive; L has a basis; 
and if B is any basis of L, then bll is unbounded for all b E B, and for all 
positive elements u, v of L, B(UV)C (B(u) B(v))l’, and {(a, C)E B(u) x 
B(v) 1 (ac)” = 111} isfinire. 
In case (i), A must be trivially ordered. Furthermore, if M(L)’ is a direct 
factor of M(L), then the factor set (mU,8} of (i) may1 be assumed to be 
trivial: m,, B =l for allcr,/3EA. 
Similarly to Theorem 7.1, by Proposition 3.2, there are seven different 
equivalent ways of stating Proposition 7.2(ii), the remaining six being left 
to the reader to write down. 
If XnA T is a power series algebra of the type defined in Section 6, and 
if F is a subfield of the totally ordered field T, let F= {f~ XJJA T 1 f E F}. 
Clearly F is a totally ordered subfield of Xnd T. 
Proof of Proposition 7.2. We first show that (i) implies (ii). The first 
step for this is to show that A must be trivially ordered. For suppose that 
6 > I in A. Since A(L) contains 2, there exists dE L such that I(d) = 8. 
Since A is a homomorphism of lattice-ordered algebras, 0 < dE 1” and 
I(d-‘)=a-’ so that O<d-‘E 111 as well. Thus, by definition of M(L), 
dE M(L). But clearly A- ‘(M(L)) is a convex totally ordered subfield of L 
so that by Theorem 2.3, M(L)= V’(M(L)), and hence REM. Then 
6 = 1, and thus A must be trivially ordered. By Proposition 6.2, the basic 
elements of L are all totally positive. By the proof of Proposition 6.2, since 
A is trivially ordered, the set 2 is a basis of XnA M(L) such that $‘I is 
unbounded for all 8~2. Let B* =A-‘(&. We noted above that 
M(L) = 1 -‘(M(L)); hence bl’ is unbounded for all b E B*. By definition of 
power series multiplication, for all positive elements U, v of L, B*(W) G 
340 R. H. REDFIELD 
(B*(u) B*(Ll)y. Furthermore, since Supp(1(u)) and Supp(L(tl)) are both 
in X, ((IX, 1’) E Supp(l(u)) x Supp(A(v)) 1 cry = I 1 is finite. Then 
is also finite, and hence {(a, C)E B*(U) x B*(H~) 1 (LX)” = lL1 1 is finite. If 
B is any other basis of L, then for all b E B, there is exactly one s E B* such 
that b” =sLL. It follows that bli is unbounded for all bE B, and by 
Propositions 3.1 and 3.2 that for all positive elements u, L’ of L, B(uu) c 
(B(u)B(u))‘l and {(a,c)~B(u)xB(o) 1 (a~)‘~=l”} is finite. 
Clearly Proposition 7.2(ii) implies Theorem 7.l(ii) and by 
Proposition 3.5, Theorem 7.1(i) implies Proposition 7.2(i). We will prove 
below (without using Proposition 7.2) that Theorem 7.l(ii) implies 
Theorem 7.1(i), and thus (i) and (ii) of Proposition 7.2 will have been 
shown equivalent to each other and to (i) and (ii) of Theorem 7.1. 
In the proof that (i) implies (ii) above we showed that in case (i), d must 
be trivially ordered. The final statement of the proposition follows from a 
proof identical to that used to prove the final statement of Theorem 7.1. 1 
Proof that (i) * (ii) in Theorem 7.1. We noted above that Theorem 
7.1(i) implies Proposition 7.2(i) by Proposition 3.5, and we proved above 
that Proposition 7.2(i) implies Proposition 7.2(ii). But we also noted above 
that Proposition 7.2(ii) clearly implies Theorem 7.l(ii). m 
Recall [9, Theorem 3.21 that if a lattice-ordered field L has a basis B 
such that bL1 is unbounded for all b E B and if 0 < u E L, then u is a disjoint 
join of basic elements, i.e., u = V ub, where 0 < u6 E bll for all b c B. For 
arbitrary UE L, let ub= (u+)~-(u-)~. Note that with this notation, 
B(u)={bEBI q,#O}. 
LEMMA 7.3. Suppose that L and B satisfy the hypotheses of Theorem 
7.l(ii), and let t E A4( L), b E B, and u, o E L. Then the following conditions 
hold: 
(i) (tub = t(h); 
(ii) (u+u)~=u~+u~; 
(iii) (~0)~ = &.c~II=bll u~D,, where the empty summation is 0. 
Proof: (i) Since L and B satisfy the hypotheses of Theorem 7,l(ii), 
there exist u*, w*~b’such that U=ZQ+U* and tu=(tu),+w*. Then tub-- 
(f~)~ = w* -u* E bl, and hence, since tu, - (t~)~ Ebll, tu, - (t~)~ = 0. 
(ii) Statement (ii) follows from [9, Theorem 3.21. 
(iii) According to Theorem 7.l(ii), 
((x, y)E B(b-‘u) x B(v) I (.uy)” = lL1} 
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is finite. By Proposition 1.1, B(b-‘u)= (6-l) B(u), and thus by 
Proposition 3.1, 
{(a, c) E B(u) x B(u) 1 (UC)” = bLL > 
is finite. If this set is empty, then b $ (B(u) B(u))” and hence by Theorem 
7.l(ii), b# B(uu). Then the summation is taken over the empty set and 
(uu)~ = 0 so that the equation holds for the empty summation. Suppose, 
therefore, that this set is non-empty, consisting of (a,, c,), . . . . (a,, c,). 
Then u = U* + C’=, u,, and u = u* + xy=, u,,, where u* E {a,, . . . . a,}l and 
L?* E {c,, . . . . c,}~ are such that bE (B(u*) II(u* Then there exists WE bl 
such that 
(uu),+w~=uu= i u,,uci+ c u,,u,,+ f
n 
l&u* + 1 u*ucj + u*u*. 
i=l i#j i=l j= I 
By Proposition 1.1, u,,u,,E (uicj)” for all i, j; if i#j, then a,cjEb’, and 
hence u,,u,,E bl. Also by Proposition 1.1, u,,u* E {a,~,, . . . . a,~,}~ G 
(a,~,)’ = b1 for all i, and also U*U,,E {a,cj, . . . . a,~,}’ z (a,~,)’ = b1 for all 
j. Finally, by Theorem 7.l(ii), u*u* E B(u*u*)ll E (B(u*) B(u*))” E bl. It 
follows that 
(uub- f u,,uc;= c u,u,+ i 
n 
uaiu* + 1 u*u,, + u*u* - WE bl. 
i= I i#j i=l j=l 
But as well (uu)~ -I;= r u,,u,, E b’l, and hence (uu)~ - C;=, u,,u,, = 0. 1 
Proof that (ii) =s (i) in Theorem 7.1. By Proposition 1.4, 1 E E(L) and 
hence there exists 6, EB such that bfl= Ill. If B, = (B\{b,})u (l}, then 
as noted in the proof that (i) implies (ii) in Proposition 7.2, Proposition 3.1 
and 3.2 imply that B, also satisfies the conditions of Theorem 7.l(ii). Thus 
we may assume without loss of generality that 1 E B. 
By Propositions 3.1 and 3.2, A = B(L)/M(L)’ is a trivially ordered 
abelian group. Let X consist of all subsets A of A for which there exists 
0 <u E L such that A E {bM(L)’ ) be B(u)}. Since A is trivially ordered, 
each element of X must be locally inversely well-ordered and hence X 
satisfies (PO). Clearly X satisfies (PI), and, since B(u + u) = B(u) u B(u) for 
all positive u, u E L, X satisfies (Pz). To see that X satisfies (Pj), let u and 
u be positive elements of L and suppose that b E B(u) and do B(u). 
Then 0 c b A u, 0 <d A u, and b A u and d A u are both basic. Hence by 
Proposition 1.1, 
0 < (b A u)(d A u) = ((b A u)d) A ((b A u)u) < (bd) A (uu), 
and thus, bd E B( uu). Therefore, B(u) B(u) E B( uu) and X satisfies (PJ). The 
342 R. H. REDFIELD 
last condition of (ii) clearly implies that X satisfies (P4), and we conclude 
that X is a supporting subset of 24. If 6 E d, then there exists a unique 6 E B 
such that &M(L)’ = 6. For ~1, /?E A, let m,. I( = afl6 ~ ‘, where 6 = cl/?. Since 
afW’M(L)’ = M(L)‘, m,, B E M(L). We claim that {m,, 8} is a factor set. 
For clearly if u, p E A, then m,, B > 0 and mar, p = mg. ; since 1 E B, I = 1, and 
hence m,. 6 = 1 = m6, I for all 6 E A; and finally, for all GI, /I, 7 E A, if p = c$, 
(T = ~$7, and r = By, then 
m m&B 4. Y =pya-1a~p~‘=ya-‘a~=ara-‘~y~~‘=m,8,,mg,y. 
We may thus form the lattice-ordered power series ring ( Xnd M(L), 
{mol,pj, +, ., > ). If UE L and 6 E A, then certainly us&-’ EM(L), and by 
definition of X, { 6 E A 1 ug # 0} E X. Hence the function A: L + ,fl, M(L) 
defined by letting n(u), = u,6 -’ is well-defined. Clearly 1 6 = 0 for 6 # I, 
and, since 1 E B, 1, = 1 = 1. Then A( 1) = i, and hence J preserves unit 
elements. By Lemma 7.3, 1 preserves calar multiplication and addition, 
and hence, since clearly n(u) = 0 implies that u = 0, I is one-to-one. Also by 
Lemma 7.3, for 24, vE L, 
(n(u) i(v)h = 1 m,,4u), 4v), 
cr?J =6 
= 1 aq6-L(u,a-L)(v,q-‘) 
(aqp = 511 
= 1 u,v96-~=(uu)~s-‘=~(uu)6, 
(al))11=Sll 
and hence ;1 preserves multiplication. It is easy to see that for all b E B and 
UEL, 
(u v o), = ub 
if u,>O 
0 otherwise 
and hence that 1(u v 0) = n(u) v 0. It follows that A is a lattice- 
homomorphism. Clearly for all b E B, 1(b) = bM(L) and for all m E M(L) 
and hence 1(L) contains J. 1 
Proof of the Final Statement of Theorem 7.1. Suppose that there exists 
a subgroup S of B(L) such that the canonical map from B(L) to 
B(L)/M(L)’ is a group-isomorphism when restricted to 5’. Clearly S is a 
basis for L such that 1 E S. Recall from the proof that (ii) implies (i) above 
that the factor set {m, s} may be determined as follows: m,p=afS-‘, 
where 6 = afi and a, fl, and 6 are elements in the basis B of L such that 
a = aM(L)‘, j? = PM(L)‘, and S = 6M(L)‘. The proof does not depend on 
the choice of the basis, except to assume that it contains 1, and therefore 
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we may choose B = S. However, in this case, if a, /I, 6 E A are such that 
a/?= 6, then afi = 6, and therefore we have m,.8= I$-’ = 1 for all 
a,BEA. I 
Theorem 7.1 certainly applies to all lattice-ordered fields (with 1 > 0) 
which are constructed by the methods described in [31, 321. The resulting 
representation may or may not have trivial factor set but according to the 
final statement of the theorem in some cases there always exists a represen- 
tation which does have a trivial factor set. The following example shows 
that in other cases the factor set can never be trivial. 
EXAMPLE 7.4. Let Cl? denote the totally ordered field of rational 
numbers and let L = Q(d). If 2 is the relation on L defined by letting 
a,+a,&~,,+/3,~ ‘f d 1 ‘f 3 1 an ony 1 ao>BO and a,>/?,, then clearly 
., 2 ) is a lattice-ordered field with the following properties: the 
kilklements of L are totally positive; B = { 1, ,/?} is a basis for L such 
that both 111 and fi” are unbounded; and for all positive elements U, u 
of L, B(w) E (B(u) B(u))ll and ((a,c)~B(u)xB(o) ( (a~)“=l~~} is 
finite. By Theorem 7.1, there exist a factor set {m, s} c Q and an embed- 
ding 1: (L, +, . , ~)-(PILQ {mg,Blv + , ., > ) such that n(L) contains 
E and where A = {I, S} is the group with two elements. The factor set 
determined by the proof is: m,, , = 1 = m,, d = md,, and md, 6 = 3. We claim 
that for no 13 can the factor set be trivial. For suppose that the factor set 
is trivial, i.e., that mar, B= 1 for all a, /I E A. Then (1 + 6)( 1 - 6) = 0, and thus 
1(L) contains a zero-divisor. But since L is a field, A(L) is a field and hence 
contains no zero-divisors. This is a contradiction and thus we conclude 
that the factor set {m.,P} cannot be trivial. 1 
8. ITERATED LATTICE-ORDERED POWER SERIES ALGEBRAS 
At its most general, the embedding theorem of Section 9 below describes 
how to embed certain lattice-ordered fields into power series algebras 
constructed from other power series algebras. This kind of iterated 
construction of power series algebras is the subject of this section. 
Suppose that (A, . , 2) is a rooted abelian group. If L is a total order 
on A which extends > and is such that (A, . , e ) is a totally ordered group, 
then L is an extended total order of 2. The following result is elementary 
and was proved in [31]. 
LEMMA 8.1. Let (A,. , 2 ) be a rooted group and suppose that & is an 
extended total order of 2. If r is an inversely well-ordered subset of (A, e ), 
then I- is a locally inversely well-ordered subset of (A, 2 ). 
By [9, p. 0.4, Theorem], every torsion-free partially ordered group 
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(d, ., > ) has an extended total order B. If W is the set of inversely well- 
ordered subsets of (d, E), then by Lemma 8.1, every element of W is 
locally inversely well-ordered in (d, 2 ). It is not difficult to see (and is well 
known) that W satisfies (P ,) to (P.,) (cf. [6, 13, 15, 22, 29-31, 33-361, 
et al.) and hence that W is a supporting subset of 2”. Thus, for a totally 
ordered ring T and a factor set {t,, 8} c T, we may form the lattice-ordered 
power series algebra ( Wnd T, (ta, s}, +, . , 2 ). For power series algebras 
determined in this way, we use the notation ( p n, T, {t,, s}, f, ., > ). 
Note that, because W is the set of inversely well-ordered subsets of a totally 
ordered group, whenever A is abelian and T is a field, ( p H, T, 
{LPh +7. , 2 ) is a lattice-ordered field (cf. Sect. 6 above and [6; 15; 17; 
22; 29-31; 33-35; 9, p. 0.121). If (d, ., >) is itself totally ordered, then it 
has only one extended total order, viz. B itself. In this case, the totally 
ordered power series fields described above must all be of the form 
(a I-IA T, {t.,& +, .v B 1. 
An easy way of associating a totally ordered group with a rooted group 
is the following. 
PROPOSITION 8.2. Zf (A, . , 2 ) is a rooted abelian group, and tf Ap is the 
set of all 6 E A which are comparable to I, then Ap is a convex totally ordered 
subgroup of A, every totally ordered subgroup of A is a subgroup of Ap, and 
A/Ap is trivially ordered. 
Proof It follows from [ 11, Lemma 2.11 that Ap is a convex totally 
ordered subgroup of A. The other assertions are obvious. 1 
Suppose that (A, . , 2 ) is a rooted abelian group and that T is a totally 
ordered field. In light of Proposition 8.2, we may form the power series field 
( , & T, +, ., 2 ). Thus, if X is a supporting subset of 2d;dp, and if 
ir a~. ,wd E > I-IAP T is a factor set, then we may form the power series 
algebra (x~dIdp C , IL Tl, {rpldp. Bdp), +, ., 2 1. We call a power series 
algebra formed in this way an iterated power series algebra. In keeping 
with the notation for power series algebras, for CLE Ap, we let 
ii E xnA,Ap [ , nAl T] be the vector 
((&APL = 
{ 
l 
if SAp=AP and w=u 
0 otherwise, 
and we let d== {E 1 tl= Ap}. 
The final result of this section describes when an iterated power series 
algebra ( X&dp [ , & T], +, ., 2 ) with trivial factor set may be written 
intheform(.n,T, +,- , > ) for a supporting set Y G 2’. 
FROWSITION 8.3. In the situation described above, the following 
statements are equivalent. 
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(i) There exists a supporting subset YG 2’ such that 
(xnA,Ap [ , nAp T], +, -, 2 ) and ( yI& T, +, -, 2 ) are isomorphic as 
lattice-ordered algebras over T; 
(ii) Ap is a direct factor of A. 
Proof. (i) => (ii): Let E: XnA,AP [ , nAp T] + ynd -be an isomor- 
phism of lattice-ordered algebras over T. If 6 E A, then 6Ap is basic, and 
hence E(GAP) is also basic. Therefore, there exists a unique maximal 
element 6* ~Supp(E(Bd~)). Let r= {6* 1 8~ A}. Clearly r#@. If 6~ A, -- 
then i = E(&-‘AP) = E(GAP) E(6AP)-‘, and hence S* -’ = (6-l)* E r. If -- 
~1, /I E f, then E(aAP) E(/?AP) = E(ajAP), and hence a*b* = (a/J)* E f. We 
conclude that f is a subgroup of A. If x denotes the canonical map from 
A to A/Ap restricted to r, then to show that Ap is a direct factor of A, it 
suffices to show that x is one-to-one and onto. So suppose that a*, fl* E r 
and that a*Ap=~*Ap. Then a* is comparable to p* in A, and hence 
E(crA+‘) is comEable to E(/3Ap) in ynA T. It follows that crAp is 
comparable to PAP and hence, since A/Ap is trivially ordered, that crAp = 
PAP. Then a* = p* and hence 1 is one-to-one. To see that x is onto, let 
6 E A. If v is such that E(v) = 8, then, since 8 is basic, v is basic, and hence, 
since A/Ap is trivially ordered, Supp(v) = (&AP}. Then EdPll= vll and - 
thus E(&AP)lL = E(v)ll = &lL. It follows that E* and 6 are comparable 
and hence that &*Ap=SAp. Therefore, x is onto. 
(ii) * (i): Since Ap is a direct factor of A, there exists a subgroup r of 
A such that when the canonical map from A to A/Ap is restricted to r, it 
is bijective. If A&A, let A,= {aAp 1 oreA} and for all aeT, let A,= 
{a E A 1 aAp = aAP}. Define Y to be the collection of subsets A of A such 
that AMe X and for all rr E f, A, is an inversely well-ordered subset of A. 
We claim that Y is a supporting subset. 
By definition, each element of Y is locally inversely well-ordered in 
(A, 2 ) so that Y satisfies (PO). Clearly (6 > E Y for all 6 E A so that Y 
satisfies (P, ). It is also clear that for all A, BE Y, A, u B, E X, A, u B, is 
inversely well-ordered for all c E r, and, if A G B, then A E Y. It follows that 
Y satisfies (P2). To see that Y satisfies (P3), let A, BE Y. Clearly (AB), = 
A,B, and hence (AB),E X. For OE r, let a[A, B] denote the set of all 
(p,r)~rxf such that Papua,, rAP~BMM, and p~A~=od~. Then 
(AB),= {a/llI aEA,j?EBandaflAP=oAP) 
= (p,z)uA B, {aB I aeA,y PER) 
= U [ U {aSlPEB,)]. 
(p.r)EoCA.Bl aeA, 
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Since B, is inversely well-ordered, {c@ 1 /I E B, i is inversely well-ordered for 
each c1 E A, ; thus, since A, is inversely well-ordered, U, E ,+ {U/I 1 0 E B, ) is 
inversely well-ordered. But since A, and B, are in X, o[ A, B] is finite, 
and thus (AB), is inversely well-ordered. We conclude that Y satisfies (P3). 
For (P4), let A, BE Y and 6 E A. Then 
is finite because A,, B,,,,E X. Furthermore, since A, and B, are inversely 
well-ordered for all p, T E f, the usual arguments show that G,, ~ = 
{(~,PkA,xBr I d=d) is finite for all p, T E r (cf. [6, 111). Then 
{(~,p)~AxBl~8=~)=U~p,r,E~Gp,r must be finite, and therefore, Y 
satisfies (P4). 
By the above, we may form the power series ring ( ynd T, +, ., 2 ). 
Let s: A/Ap + r be a group-isomorphism such that s(8AP) Ap= 6Ap. 
Define D: ,,IL T+ xJLIdP [ , nAP Tl by letting (D(uL,~), = u,(~~+,. 
If w E xl-Im C > FIN 7’1 and S= {s(GAp)o 1 6Ap~Supp(w) and WE 
Supp(~,,~)}, then S, = Supp(w)~X and for ITEM, S,,=S(~A~)~’ 
Supp(~~,,,) is inversely well-ordered in (A, 2 ). Therefore SE Y and 
hence ~1” E yfld T, where (M) h )a = (w~~~)~,~~~)-I d. It is easy to see that 
D(M! h ) = MJ and hence D is onto. If U, u E ,,nd T and t E T, then clearly 
D(u + u) = D(u) + D(u), D(u v 0) = D(u) v 0, and D(m) = rD(u). Since 
clearly D(u) = 0 only for u =O, D is therefore an isomorphism of vector 
lattices over T. It remains to show that D preserves multiplication because 
then, since it is bijective, it necessarily preserves unit elements. Thus it 
remains to observe that 
((D(u) D(u))wL = 1 (D(u)aAp D(u)BAP)~ 
a/3AP = 6Ap 
= us(aAP)q Us(,5A+‘)r 1 
%ilCEAP 
= 
c %(,AP)q u,(@AP)~ 
s(aAP) qs(fiAP)a = s(BAP)w 
and hence that D(w) = D(u) D(o). 1 
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9. THE SECOND EMBEDDING THEOREM 
Theorem 7.1 describes the coarsest embeddings, those into power series 
algebras based on a trivially ordered group. In this section, we wish to be 
more general and describe embeddings into power series algebras which 
may be based on groups which are not trivially ordered. 
We first establish some general notation. The real closure of a totally 
ordered field T is denoted by T’. If T is a totally ordered subfield of a 
totally ordered field K and A is the totally ordered multiplicative group 
(K+\{O})/T”, we may define a function T: K+ A u (0) by letting r(u) = 
Iu( T” if u #O and t(O) =O. It is easy to see that r is an order-preserving 
valuation on K, and hence that if K, = {u E K ( X(U) < T’} and K,,, = 
{u E K 1 z(u) < T’}, then K, is a convex maximal ideal in the ring K,. The 
resulting quotient TR = KJK,,, is then a totally ordered field, called the 
residue class field of K determined by T. (See [24, Sect. 11.41.) We may 
clearly identify T with a subfield of TR via the map Z(r) = tK,. 
The main theorem of this section is then the following. 
THEOREM 9.1. Let L be a lattice-orderedfield in which 1 > 0 and let T be 
a totally ordered subfield of L. The following statements are equivalent. 
(i) The basic elements of L form a group; and if TR is the residue 
class field of M(L)’ determined by T and if A is the rooted abelian group 
B(L)f T’, then there exist a supporting subset X of 2AlAp, a factor set {t,, lr} c 
, nAP TR, and a one-to-one homomorphism $1 L + ( xnA,AP [ , nAP T”], 
bd +c- , > ) of lattice-ordered algebras over T such that $(L) contains 
both ip and A/Ap. 
(ii) The basic elements of L are totally positive; there exists a basis 
B of L such that bll is unbounded for all b E B; and for all positive elements 
u, v of L, B(uv) E (B(u) B(v))l’ and {(a, C)E B(u) x B(v) ( (ac)” = l’-l} is 
finite. 
(iii) The special elements of L form a group; the set of special elements 
of r is plenary; and L has a maximal disjoint set B of special elements such 
that for all positive elements u, v of L, B(UV)G (B(u) B(v))” and {(a, c) E 
4~) x B(v) I (ac) li = lLi} isfinite. 
If B(L) is a group and if M( L)’ is a direct factor of B(L), then the following 
statement is also equivalent to the each of the above statements. 
(i)’ Zf TR is the residue class field of M(L)’ determined by T and if 
A is the rooted abelian group B(L)fT’, there exist a supporting subset Y of 
2’ and a one-to-one homomorphism II/: L + ( ynA TR, +, ., 2) of lattice- 
ordered algebras over T such that II/(L) contains 2. 
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As with Theorem 7.1, there are sixteen remaining statements, each 
equivalent to (i), (ii), and (iii) of Theorem 9.1. As I did there, I leave it to 
the reader to write down these remaining statements. 
Also as in Section 7, there is a weaker version of Theorem 9.1(i) and a 
stronger version of Theorem 9.1( ii). each of which is equivalent to the 
statements in Theorem 9.1. These statements are given in the next result. 
PROPOSITION 9.2. Let L be a lattice-ordered field in which 1 > 0. The 
following statements are equivalent to each other and to each of the three 
equivalent statements of Theorem 9.1. 
(i) if TR is the residue class field of M(L)’ determined by T, then 
there exist a rooted abelian group (A, . , 2 ), a supporting subset X of 2*!*‘, 
a factor set (t@, y} & , nAP TR, and a one-to-one homomorphism $1 L + 
(xnA!Ap [ ,ndP TR], {t@, V}, +, ., 2) of lattice-ordered algebras over T 
such that II/(L) contains both zp and A/Ap. 
(ii) The basic elements of L are totally positive; L has a basis; 
and if B is any basis of L, then bl’ is unbounded for all b E B, and for all 
positive elements u, v of L, B(uv) E (B(u) B(v))ll and {(a, c) E B(u) x 
40) I (ac)” = lL1} isfinite. 
If B( L) is a group and if M( L)’ is a direct factor of B( L), then the following 
statement is also equivalent to the each of the above statements. 
(i)’ If TR is the residue class field of M(L)’ determined by T, then 
there exist a rooted abelian group (A, . , > ), a supporting subset Y of 2*, and 
a one-to-one homomorphism +: L + ( ,,nA TR, +, ., 2 ) of lattice-ordered 
algebras over T such that e(L) contains a. 
Since there are seven different equivalent statements of Proposition 7.2( ii), 
there are seven different equivalent ways of stating Proposition 9.2(ii). 
Proof of Proposition 9.2. (i) = (ii): It follows from (i) that there exist 
a trivially ordered group r, a supporting subset Y of 2r, a totally ordered 
field F with a factor set { fe, F}, and a one-to-one homomorphism 1: L + 
( r-l-Ir F, Ifa, v>v +v . , > ) of lattice-ordered algebras over F such that A(L) 
contains r. A proof similar to that showing that Proposition 7.2(i) implies 
Proposition 7.2(ii) then shows that Proposition 9.2(ii) holds. 
Similarly to the proof of Proposition 7.2, it is clear that Proposition 9.2(ii) 
implies Theorem 9.l(ii) and Theorem 9.1(i) implies Proposition 9.2(i). 
That (ii) implies (i) in Proposition 9.2 will therefore follow from the proof 
below that Theorem 9.l(ii) implies Theorem 9.1(i). In this way, we will 
have shown that (i) and (ii) of Proposition 9.2 are equivalent to each other 
and to (i) and (ii) of Theorem 9.1. 
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The proof that (i)’ is equivalent to (i) and (ii) when the given hypothesis 
holds follows from a proof identical to that of the analogous equivalence 
in Theorem 9.1. 1 
Proof of Theorem 9.1. (ii) o (iii): A s in the proof of Theorem 7.1, this 
equivalence follows immediately from Proposition 5.3. 
(i) =- (ii): Similarly to the proof of Theorem 7.1, this implication 
follows from the stronger implication that (i) implies (ii) in Proposition 9.2. 
(ii) = (i): By Propositions 3.2 and 5.3, A = B(L)/T’ is a rooted 
abelian group, and by Proposition 8.2, Ap, the set of all elements of A 
which are comparable to I, is the largest totally ordered subgroup of A. 
Clearly, Ap = M(L)‘/T’, and hence we may identify A/Ap with B(L)/M(L)’ 
by the Third Isomorphism Theorem. Therefore, by Theorem 7.1, there exist 
a supporting collection X in 2*‘*‘, a factor set {m, r} E M(L), and a 
one-to-one homomorphism 1: L + ( x&,Ap M(L), {m,, Ir}, +, ., 2 ) of 
lattice-ordered algebras such that A(L) contains A/Ap. However, M(L) is a 
totally ordered field, and hence we may apply Hahn’s Theorem for totally 
ordered fields ([24, Satz 11.5.21 and Satz 111.3.331; see also [ 11, Theorem II; 
23, Satz]): if 0 is the totally ordered multiplicative group M(L)‘“/T’, 
where T’ is formed in M(L)‘, then there exists a one-to-one value- 
preserving homomorphism p’: M(L)’ + ( , n, TR, +, ., 2 ) of totally 
ordered algebras over T such that p’(M(L)“) contains 8. As in the proof 
of Theorem 7.l(ii)* (i), observe that for all BE A, there exists a unique 
6~ B such that &M(L)‘= 6. If o E Ap, then 0 <HUE M(L) and hence 
oT’ E 0; clearly the function which takes o E Ap to oT’ E 8 identifies Ap 
with a subgroup of 9. With this identification, u’(M(L)) contains dp, and 
since ~1’ preserves values, for any u E M(L), p’(~)~ = 0 for all 8 4 Ap. It 
follows that when p’ is restricted to M(L), its range is contained in 
, nAp TR. The function p’ then gives rise to a natural one-to-one 
homomorphism 
The composition $ = p 0 2 is then the desired one-to-one homomorphism of 
lattice-ordered algebras over T. 
If M(L)’ is a direct factor of B(L), then by Theorem 7.1, the factor 
set Wbb A> may be assumed to be trivial. But then, if (i) holds, 
by Proposition 8.3, there exists a supporting set Y in 2’ such that 
, ., 2 ); hence (i)’ holds. 
Question 3. As with Theorem 7.1, Theorem 9.1 cerrtainly applies to all 
481:153l2-6 
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lattice-ordered fields (with 1 > 0) which are constructed by the methods 
described in [31, 321. Are there any lattice-ordered fields (with 1 >Oj to 
which these theorems do not apply? As with Questions 1 and 2, the answer 
to this question is not known. 
10. LATTICE-ORDERED FIELDS WITH FINITE BASES 
According to Corollary 4.6 above (cf. [25, Corollary 3.8]), a lattice- 
ordered field L, in which 1 > 0 and which is finite-dimensional over M(L), 
is isomorphic, as a vector lattice over M(L), to a finite direct sum of vector 
lattices over M(L), each of which is irreducible. We noted at the end of 
Section 4 that if the basic elements are totally positive as well, then the 
irreducible vector lattices in the finite sum are of the form bM(L) for basic 
elements b E L. We show next (Theorem 10.1) that Theorem 7.1 allows us 
to characterize those lattice-ordered fields which are isomorphic, not only 
as vector lattices but also as rings, to finite sums of copies of M(L). 
Example 10.3 shows that there are archimedean lattice-ordered fields for 
which such an isomorphism does not exist. 
THEOREM 10.1 Let L be a lattice-ordered field in which 1 > 0 and 
suppose that L is finite-dimensional over M(L). The following statements are 
equivalent. 
(i) There exist a finite partially ordered abelian group (A, ., 2 ) and 
a factor set {m,,s} GM(L) such that L is isomorphic, as a lattice-ordered 
algebra over M(L), to (2dnd M(L), {m,s}, +, ., 2). 
(ii) All the basic elements of L are totally positive. 
(iii) Every basic element of L is the root of an element in M(L). 
In case (i), B(L) is a group and the group A may be taken to be B( L)/M( L)‘. 
Proof: (i) = (ii): This follows from Proposition 6.2. 
(ii) * (i): By hypothesis, the basic elements of L are totally positive. 
By Proposition 4.4, L has a finite basis B = {b[l], . . . . b[n] } such that 
b[i]” is unbounded for all i= 1, . . . . n. Suppose that u and v are positive 
elements of L. Then u =Cr=i u,ri,, v= xi”=, vbci,, and hence uv = 
c;= 1 Izy= I Ub[i] vb[,l. It follows that B(uv) E (B(u) B(v))“. Also, since B is 
finite, ((a, C)E B(u) x B(v) 1 (ac)” = 1 ‘I > is finite for all positive elements 
u, v E L. Therefore the hypotheses of Theorem 7.l(ii) are satisfied; hence 
B(L) is a group and, if A = B(L),‘M(L)“, then there exist a supporting sub- 
set X of 2’, a factor set {m,, s} E M(L), and a one-to-one homomorphism 
I: L+ (XnA M(L)? {m,D}T +, ’ , 2 ) of lattice-ordered algebras over 
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M(L) such that n(L) contains 6. Since A is finite, X= 2“. Since A is finite, 
and since 1 is an algebra-homomorphism such that n(L) contains 2, I must 
be onto. 
(ii) * (iii): By Proposition 4.2, L has a finite basis B. By 
Proposition 3.2, since every basic element is totally positive, B(L) is a 
group. By Proposition 3.5, B( L)/M( L) ’ is a rooted abelian group. The 
canonical map B(L) + B(L)/M(L)’ clearly establishes a bijection between 
B and B(L)/M( L)‘; hence B(L)/M(L)’ is finite. Suppose that b E B(L). 
Since B(L)/M(L)” is a finite group, there exists a positive integer n such 
that b”M(L)== M(L)‘, i.e., such that b” E M(L)‘. It follows that b” E M(L). 
(iii)= (ii): (Cf. the proof of [25, Proposition 4.11.) Let be B(L). 
Since b >O, there exists, by hypothesis, a positive integer n such that 
0 < 6” E M(L). By Theorem 2.3, 0 < b-” E M(L). Since b > 0, b”- ’ > 0 and 
hence 6-l = (b-“)(b”-‘) >O. 
The final statement of the theorem follows from the proof that (ii) 
implies (i) above (cf. Proposition 7.2). 1 
There are many lattice-ordered fields which do not satisfy condition (ii) 
of Proposition 10.1. Example 10.3 illustrates a method of constructing such 
fields. It relies on the following result. (This result is a special case of 
[25, Proposition 3.11.) 
PROPOSITION 10.2. Let (T, + , ‘, 2 ) be a totally ordered field and let 
(L, + , . ) be a finite-dimensional extension field of (T, + , . ). Suppose that 
1 v,, . . . . v,} is a v-basis of the vector space L over the field T which satisfies 
the following properties: 
(a) foranyi,j, if~~v~=~~=,c(~v~for ( L~,...,Lx,}cT, thena,>Ofor 
all k; 
(b) (0,) . . . . v,} n T#%. 
Then there exists a lattice order E on L such that 
(A) CL + , -, B) is a lattice-ordered field; 
(B) B extends 2 and M(L) = T; 
(C) (4, . . . . v,} is a basis of the lattice-ordered group (L, + , 2 ). 
Proa/: If u E L, then s = x; = r gkvk for unique g, , . . . . G,, E T. Define e 
on L by letting s B t if and only if gk 2 tk for all k = 1, . . . . n. It is easy to 
see that (A), (B), and (C) hold (cf. [41, Sect. 21). 1 
EXAMPLE 10.3. (Cf. Example 7.4.) Let Q be the totally ordered field of 
rational numbers and consider the following elements of Q(d): v1 = 1, 
v,=l+,/?. Since vzv,=2v,+2vz, {v,,v2) satisfies (a) and (b) of 
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Proposition 9.3, and hence by that result, there exists a lattice order e on 
Q(d) such that (Q(d5), +, ., e ) is a lattice-ordered field which is 
clearly archimedean and which has {u,, c2 ,\ as a basis. But ~1;’ = 
- ~1, + $tlz N 0 and hence the basic element v2 is not totally positive. 
As an application of Theorem 9.1, we derive the embedding theorem of 
Conrad and Dauns [ 111. We first note the following result. It gives an 
alternative hypothesis to one of those of the embedding theorems to follow. 
PROPOSITION 10.4. Let L be a lattice-ordered field. If the special 
elements of L form a group, then 1 > 0 and the following statements are 
equivalent: 
(i) L has a finite basis; 
(ii) L is a finite-dimensional extension of M(L). 
Proof. Since the special elements form a group, 1 must be special; hence 
1 >o. 
(i) => (ii): By Proposition 5.1, since the special elements of L form a 
group, each special element is basic. Furthermore, by [3, Theoreme 7.4.6, 
Theoreme 6.5.31, each element of L has only a finite number of values (cf. 
[9, p. 2.441). Therefore, by Lemma 0.1, [ 39, Theorem 1. I], and the proof 
of [39, Theorem 2.121, L is the direct sum of its convex totally ordered 
subspaces. But the basic elements form a group by Proposition 5.1; hence 
M(L)= lil by Proposition 3.2, and thus the convex totally ordered 
subspaces of L are the double polars of basic elements by Proposition 3.1. 
Since there are only a finite number of these double polars, L must be 
finite-dimensional over M(L). 
(ii) * (i): This implication follows from Proposition 4.2. i 
A general version of the embedding theorem of [ 111 is given in Proposi- 
tion 10.5; their theorem is Corollary 10.7. In view of Proposition 10.4, in 
each case, the hypothesis that L have a finite basis may be replaced by the 
hypothesis that L be finite-dimensional over M(L). 
PROPOSITION 10.5. Suppose that L is a lattice-orderedfield with a finite 
basis and that the special elements of L form a group. Then there exists a 
copy T of Q in L. Furthermore, B(L) is a multiplicative group and 
B(L)/T” = Sz is a rooted abelian group. If W is the collection of locally 
inversely well-ordered subsets of Q/A?‘, then W is supporting and there exist 
a factor set {r e,y}s ,ILR and a one-to-one homomorphism $: L + 
( wnn,nP C , %P RI, {r@, lpI, + , ., 2 ) of lattice-ordered algebras over 6.2 
such that +(L) contains fip and Q/Qp. 
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Proof By Proposition 10.4, I> 0, and hence L must contain a copy T 
of Q. By Proposition 5.1, E(L) is a multiplicative group, and hence by 
Proposition 3.5, Q is a rooted abelian group. Since L has a finite basis, the 
set of special elements of T(L) is plenary. (Proof: As in the proof of 
Proposition 10.4, every positive element of L may be expressed as a sum of 
finitely many pairwise disjoint special elements; the assertion then follows 
from Proposition 10.2.) Therefore, by Proposition 5.3, the basic elements of 
L are totally positive and there exists a basis B of L such that bii 
is unbounded for all b E B. Since L has a finite basis, B is finite. The 
same argument as that given in Proposition 10.1 shows that for all 
positive elements U, u of L, By (B(U) B(u))” and {(a, c)~B(u) x 
B(o) 1 (UC)” = 11’} is finite. It follows from Theorem 9.1 and its proof 
that there exist a supporting subset X of 2*IRP, a factor set {r@, Y} G 
, nQp T R, and a one-to-one homomorphism $: L + ( xnn,np [, nQr T R], 
ire.. Iph +, ., 2) of lattice-ordered algebras such that It/(L) contains 6p 
and QfGp. Since T is a copy of CD, TR may be identified with a subfield of 
R, and hence xnn,nP [ , nnp TR] may be identified with a subalgebra of 
xnninP [ , nnp R]. Since L has a finite basis, 52 has no infinite pairwise 
incomparable sets. The usual arguments show this implies that W 
satisfies (P4); since clearly W satisfies (PO), (P,), (Pz), and (P3), it follows 
that W is supporting. Thus we may form the iterated power series 
ring ( JIRIRo C > IL RI, if-@, r>9 + , ., 2 ). But XG W, and hence 
Xl-I RiRP c > rL2P RI E WrIR,RP c > l-L RI. I 
COROLLARY 10.6. Suppose that L is a lattice-ordered field with a finite 
basis and that the special elements of L form a group. Then there exists a 
copy T of Q in L. Furthermore, B(L) is a multiplicative group and 
B(L)/T’= Sz is a rooted abelian group. If M(L)’ is a direct factor of B(L) 
and W is the collection of locally inversely well-ordered subsets of Q, then 
there exists a one-to-one homomorphism $: L + ( wnn R, +, ., 2 ) of 
lattice-ordered algebras over Q such that e(L) contains 0. 
Proof This result follows from Proposition 10.5 by a proof similar to 
that which was used to show that with these hypotheses, Theorem 9.1(i)’ is 
equivalent to Theorem 9.1(i). m 
COROLLARY 10.7 [ 11, Theorem III]. Suppose that L is a lattice-ordered 
field with a finite basis and that the special elements of L form a group. Then 
the set of values T(L) of L is a rooted abelian group. If f(L) is torsion-free, 
then there exists a one-to-one value-preserving homomorphism of lattice- 
ordered rings from L into the lattice-ordered field ( wn,-(Lj R, +, ., 2 ), 
where W is the collection of locally inversely well-ordered subsets of T(L). 
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Proof: As in the proof of Proposition 10.5, 1 >O, and hence L must 
contain a copy T of Q; B(L) is a multiplicative group, and hence B(L)/T’ 
is a rooted abelian group; and the basic elements of L are all totally 
positive and there exists a finite basis B of L such that bL’ is unbounded 
for all b E B. In [l 11, T(L) is given the multiplicative structure determined 
by the special elements of L. As by Proposition 5.1 the special elements are 
precisely the basic elements, it follows that the partially ordered group 
f(L) may be identified with the partially ordered group B(L)/T’ and hence 
by Proposition 3.5 that f(L) = B(L)/T’ is a rooted abelian group. Note 
next that B(L) is torsion-free and that M(L)” is a subgroup of finite index 
in B(L). Thus, by [ 11, Lemma 5.11, M(L)’ is a direct factor of B(L). We 
may therefore apply Corollary 10.6 and conclude that there exists a one-to- 
one homomorphism Ic/: L + ( ct’&Lj R, +, ‘, >, ) of lattice-ordered 
algebras over T, where W is the set of locally inversely well-ordered subsets 
of !E The function II/ is easily seen to be value-preserving (cf. [9, p. 4.11 for 
the definition). To complete the proof, we must show that wnnL, R is a 
field. 
Since T(L) is torsion-free, there exists an extended total order L on 
(r(L), . , 2 ) (cf. Sect. 8). Since L has a finite basis, any subset of T(L) 
consists of only finitely many chains, and hence any locally inversely 
well-ordered subset of (T(L), 2 ) is an inversely well-ordered subset of 
(T(L), 2) (cf. the proof of [ll, Proposition 2.21). Then by Lemma 8.1, the 
inversely well-ordered subsets of (T(L), e ) are precisely the locally 
inversely well-ordered subsets of (T(L), 2 ) and hence ( ,+,nnL, IR, +, .) = 
( bI-L(LJ R, +, .). It follows from the observations in Sections 6 and 8 
(cf. [31]) that wnr(L, R is a field. 1 
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